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In the present paper we establish some new criteria for the oscillatory and 
asymptotic behavior of the functional differential equations with deviating 
arguments of the form 
d 1 d 1 ---- . ..dl!& 
dta,-,(t)dta,-,(t) dta,(t)dt 
+mt, xCgl(t)l, . . . . AA(t = 0, 
where 6 = kl. The obtained results improve, unify, and correlate a number of 
existing criteria. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
In this paper we are dealing with the oscillatory and asymptotic behavior 
of the n th order (n > 1) differential equations with deviating arguments of 
the form 
L,x(t) + WC xCg1(t)l, ***, -GLt(t)l) = 0, (E, 6) 
where 6= +l, 
Lox(t) =x(t), LkX(?) = -$j (Lk- ,x(t))‘, 
k 
k = 1, 2, . . . . n, 
a,=l,a+ [to, cO)-+(O, CD), i=l,2 )...) n-l,gj: [to, co)+R=(-a), co), 
j= 1, 2, . . . . m, f: [to, 00) x R” + R are continuous and lim,,, gj(t)= co, 
j = 1, 2, . . . . m. 
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The domain of L,, D(L,) is defined to be the set of all functions 
x: [to, co) --+ R such that Ljx(t), j= 0, 1, . . . . n exist and are continuous on 
[t,, co). Our attention is restricted to those solutions x E D(L,) of 
Eq. (E, 6) which satisfy 
sup{lx(t)l : t> r> >o for every T> t,. 
A solution of Eq. (E, 6) is called oscillatory if it has arbitrarily large zeros; 
otherwise it is called nonoscillatory. Equation (E, 6) is said to be 
oscillatory if all of its solutions are oscillatory. 
Equation (E, 6) is said to be almost oscillatory if: 
(i) for 6 = 1 and n even, Eq. (E, 6) is oscillatory; 
(ii) for 6 = 1 and n odd, every solution x of (E, 6) is either 
oscillatory or 1 Ljx(t)l + 0 monotonically as t -+ “c1, i = 0, 1, . . . . IZ - 1; 
(iii) for 6 = -1 and n even, every solution x of (E, 6) is oscillatory, 
jLix(t)l -0 monotonically as t-+ 00, i=O, 1, . . . . n- 1, or ILjx(t)l + cx 
monotonically as t --+ co, i = 0, 1, . . . . n - 1; 
(iv) for 6 = -1 and H odd, every solution x of (E, 6) is either 
oscillatory or I L,x( t)l -+ cc monotonically as t + co, i = 0, 1, . . . . n - 1. 
We assume that 
I 
CL 
a,(s) ds = cc (i= 1, 2, . ..) n- 1). (1) 
There exist a continuous function q: [t,, cc ) -+ R + = [0, co ) and non- 
negative constants lj(i= 1, 2, . . . . m) with X7= I jbi = 1, > 0 such that 
.f(t, Xl 3 . ..’ x,1 sgn x1 2 4(t) ii (Ix, I P (2) 
r=l 
for tE [to, co) and x,xi>O (i= 1,2, . . . . m). 
The main purpose of this paper is to establish criteria for Eq. (E, 6) to 
be oscillatory or almost oscillatory. The superlinear and sublinear equa- 
tions with general deviating arguments are studies in Sections 3 and 4, 
respectively, while the mixed “sublinear-superlinear” equations are dis- 
cussed in Section 5. It is shown that there exists a class of mixed equations 
of type (E, 6) for which the oscillation situation can be completely charac- 
terized. 
The main results of this paper are new and are independent of the 
analogous results obtained in papers [l-S]. As a result, certain of our 
hypotheses are weaker than those of other authors and as a consequence 
our theorems improve and unify theirs. Some specific comparisons to 
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known results will be made in the text of the paper. We also mention that 
we do not stipulate that the functions gi (i= 1,2, . . . . m) in Eq. (E, 6) be 
either retarded or advanced. Hence our theorems may hold for ordinary, 
retarded, advanced, and mixed type equations. 
2. PRELIMINARIES 
To formulate our results we use the following shorthand notation. For 
any continuous function pi: [to, co) + R, i= 1, 2, . . . . we define 
I,= 1 
liCt, s; Pi, ...3 P1)=[‘Pi(“)zi-l(u, s;Pi-1, ..7 p*)& 
i= 1, 2, . . . . 
s 
It is easy to verify that for i = 1, 2, . . . . II - 1 
liCt, s; PI, **7 Pi)= (- lJi zi(S, l; Pi, ...3 PI) 
and 
The following two lemmas are needed in the proofs of our results. 
LEMMA 1. Z~XED(L,), thenfor t,sE[t,, co) andO<ickbn 
k-l 
(i) LiX(t)= 1 Zj-i(t, 3; ai+l, ...) aj) LjX(S) 
j=i 
s 
k-l 
(ii) &x(t)= C (-l)j-iZj-i(~, t;uj, . . ..ai+.)Ljx(s) 
j=i 
+(-l)k-if’zk-i-l(U,t;ak-,,...,ai+I) 
s 
X ak(U) &x(u) du. 
This lemma is a generalization of Taylor’s formula with remainder 
encountered in calculus. The proof is immediate. 
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LEMMA 2. Suppose condition (1) holds. Zf x E D(L,) and L,x are qf’ 
constant sign and not identically zero for all large t, then there exist a t, 2 t, 
and an integer 1,O 6 1 <n with n + 1 even for x(t) L,x( t) nonnegative or n + 1 
odd for x(t) L,x(t) nonpositive and such that for every t 2 t, 
x(t) LkX(t) > 0 (k = 0, 1) . ..) 1) 
and 
(-l)‘-“x(t) L,x(t)>O (k = I, I+ 1, . . . . n), 
This lemma generalizes a well-known lemma of Kiguradze and can be 
proved similarly. 
It is convenient to make use of the following notation in the remainder 
of this paper. For every T 3 t, and t 3 s > T we let 
o,(t) = min{ t, gi(t)} (i= 1, 2, . . . . m), 
9={tE[t,,oo):g,(t)dt (i’l, 2, . . . . m)} 
d={tE[to,oo):g,(t)>t (i= 1,2, . . . . m)}. 
Let r, 4: [to, co) + R be continuous functions such that 
t’(t)>,% t’(t)>0 and t(t) < t < 5(t) for tE [t,, co), 
g,(t) 6 z(t) for te9 and l(t) 6 s,(t) 
for ted (i= 1, 2, . . . . m). 
Set 
B(t) = 22 n [z(t), t] 
We also let 
and d(t) = d f-7 L-t, 5(t)]. 
Ri[t, T] =Ila,(s)ds, i= 1, 2, . . . . n - 1; 
T  
a, [t, s] = Zi(t, s; a,, . . . . a,), i= 1, 2, . . . . n - 1; 
BiCt,S1=Zn~i~I(t,s;a,-,,...,ai+,), i=O, 1, . . . . n- 1; 
s 
a,(t) 
yi Co,(t), Tl = ai--ZCgj(th $1 ai-t(s) RiES, Tl & 
T  
i = 2, 3, . . . . n-landj=1,2 ,..., m, 
and 
y,Caj(t), Tl = R,C~JtL Tl, j = 1 , 2, . . . . m. 
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3. THE SUPERLINEAR EQUATIONS 
Equation (E, 6) is called superlinear if A> 1. 
The following theorem is concerned with the almost oscillation of super- 
linear equations of type (E, 6). 
THEOREM 1. Let A> 1 and let conditions (1) and (2) hold. A sufficient 
condition for Eq. (E, 6) to be almost oscillatory is that: 
(i) when 6 = 1 and n is even, for every 1 E { 1, 3, . . . . n - 1 } and all 
sufficiently large T 
jrn a,(t) jr‘ p/[u, t] q(u) fi (“E;rkT’)“‘du dt = co; 
T  
(3; 4 
I i=l 2 
(ii) when 6 = 1 and n is odd, condition (3; 1) (I = 2,4, . . . . n - 1) holds 
and for all large T 
s m &L-s, Tl q(s) ds = ~0; (4) 
(iii) when 6 = -1 and n is even, conditions (3; I) (I= 2, 4, . . . . n - 2) and 
(4) hold and for all large T 
jm 4(s) ii (Cr,-l[gi(S)y T])“lds= CO; (5) 
i=l 
(iv) when 6 = -1 and n is odd, conditions (3; I) (l= 1, 3, . . . . n - 2) and 
(5) hold. 
Proof. Let x(t) be a nonoscillatory solution of Eq. (E, 6). Without loss 
of generality, we assume that x(t) # 0 for t 2 t,. Furthermore, we suppose 
that x(t)>0 and x[rri(t)] >O (i= 1, 2, . . . . m) for t B to, since the substitu- 
tion y = -x transforms Eq. (E, 6) into an equation of the same form 
subject to the assumptions of the theorem. 
By Lemma 2, there exist a t, 2 t, and an integer 1~ (0, 1, . . . . n} with n + 1 
oddif6=1orn+Zevenif6=-lsuchthat 
LkX(t) > 0 on Cl,, ~0) (k = 0, 1, . ..) I), 
(-l)“-‘L,x(t)>O on Cl,, 00) (k=I, I+ 1, . . . . n). 
Suppose 1~ (2, 3, . . . . n - 1 }. Then, from Lemma l(ii) we obtain 
n-1 
L/x(t)= C (-l)‘-‘Zi-,(s, t;a,, . . . . a,+,)L,x(s) 
j=l 
(6) 
+(-l)“-‘fSZH-,-,(u, t;a,-,,...,a,+,)L,x(u)du. 
, 
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Using (2) (6) and letting s + co we have 
-&x(r) 2 irn Br Cu, tl f( % xcgl(u)l, ...? -em(~ 4 I 
2 s c BtCK tl q(u) fi (Ixcs,(4llY’~~ for rat,. (7) , i= 1 
On the other hand, from Lemma l(i), we get 
There exists a t, > t, so that o,(t) > t, (i= 1, 2, . . . . m) for t > t, and 
x L,_. 1x(u) du (i= 1, 2, . . . . m). (8) 
From the definition of L,, we have 
(L,- ,x(t))’ = a,(t) L,x(t) for tat,. (9) 
Integrating (9) from r1 to t and using the fact that L,x(t) is nonincreasing 
for tar,, we get 
L,~,x(t)=L,~,x(t,)+R,Cf, ill &x(t) 
- fMs, t11 a,+,(S)L,+lX(S)~~. i 11 
Since L ,+ix(t)<O for tat, we obtain 
L ,x(t) 2 &Cc t,l .&x(t) for tbt, 
From (lo), we can easily see that the function 
(10) 
(11) 
is nonincreasing for r > f i. 
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Thus, inequality (8) takes the form 
L,- IX(f) a,(t) 
xCgAt)l~ &Cc t,l 5 
~l-~Cgi(tL ~1 a,-,t~)R,Cu, t1l’u 
11 
(i = 1, 2, . ..) m) for t>t,>t,. (12) 
Combining (7) and (12) we obtain 
Integrating the last inequality from t, to T* we get 
Letting T* + co in the above inequality we have 
which contradicts (3; 1). 
Next, suppose 1= 1. This is the case when 6 = 1 and n is even or when 
6 = -1 and n is odd. Now, we apply Lemma l(ii) and obtain 
x’(t)=q(t) L,x(t) 
n-1 
=q(t) c (-l)‘- l zj- i(S, t; uj, . ..) a*) LjX(S) 
j=l 
+ (-1)+-l al(t) 1’ Zn-2(u, s; a,-,, . . . . UJ L,x(u) du. 
I 
Using (6) and letting s + co, we have 
x’(t) 2 al(t) J-y Bl CUT ?I 4(u) 
X fi (IxCgi(~)ll)‘~d~ for tat,. (13) 
i=l 
Since x(t) is nondecreasing for t > I,, there exists a tz> t, such that 
oi(u) > t, for u 2 t 2 tZ, i = 1, 2, . . . . m and 
for t>f2. (14) 
OSCILLATORY PROPERTIES 67 
Using the fact that x(t)/R, [t, t ,] is a nonincreasing function for t > t, we 
get 
X’(I-l_>a,(t) jm fiI[u, t] q(u) fi (“~~~~); ;“)“dz4 
(x(t))” f 
for t>, t,. 
i=l 2 I 
Integrating both sides from t to T* we have 
s x(T’) x du dt < w-‘,dw< = w “dw<m X(I) .F dI2) 
as T* -+ cc, a contradiction. 
Let I= 0. Then 6 = 1 and n is odd or 6 = - 1 and n is even. It follows 
from (6) that 
( - 1 )i L,x( t) > 0 for t>t, (i = 0, 1, . ..) n). (15) 
Since x’(t)<0 for t>t,,x(t)-,c>O as t-co. If c>O, there exists a t, b t, so that 
xCgi(t)l3; for tat2 (i’ 1, 2, . ..) m). 
By Lemma l(ii) we get 
n-1 
x(t*) = 1 (- l)i Z,(s, t,; aj, . . . . a,) L,x(s) 
j=O 
+(-l)“j~Z~-l(at*;U,-1,...,((,)L,x(u)du. 
f2 
Using (15) we have 
X(tZ) 2 Js BoCU, tll q(u) fi (IxiIgi(U)ll )“‘du 
I2 i=l 
As s + co, we ge x(tZ) = co, a contradiction. Thus, c = 0. 
Finally, suppose I = n. Then 6 = -1 and n is either odd or even. From 
(6) we obtain 
L;x( t) > 0 for tat, (i=O, 1, . ..) n). (161 
68 S.R.GRACE 
On the other hand, by 1’Hopital’s rule, 
lim x(t) 
f--roO a,-,[t, tl,=E Ln-lx(t)‘o* 
Since g,(t) + co as t 3 00 (i = 1, 2, . . . . m), there exist a constant C > 0 and 
a t, 2 t, so that 
xCgi(t)l 2 Can-lCgi(t)9 tIl for tat, (i’l, 2, . . . . m). (17) 
Integrating Eq. (E, - 1) from t, to t and using (17) we have 
-L 1x(t) = L 1X(b) + I’m. xCg,(s)l, *..> -m,(s)l) ds 
12 
Thus, 
lim L,- ,x(t) = co 
r-m 
and consequently, Lix( t) + 00 monotonically as t + co, i= 0, 1, . . . . n - 1. 
This completes the proof. 
Remark. Theorem 2.3 in [7] extended and improved the analogous 
criteria for the oscillation of strongly superlinear equations of type (E, 6) in 
[l-6, 81. However, Theorem 1 of this paper can be applied to some cases 
in which Theorem 3.2 in [7] is not applicable. Such a case is described in 
Example 1 below. 
EXAMPLE 1. Consider the differential equation 
(f(f(~X.(1))‘)‘)‘+6t~l”‘x51i~\l;l=0, t>O, (&,a) 
where 6 = f 1. Here 
a,(t) = t, i = 1, 2, 3, q(t)= t-‘4’3, g,(t) = 01(t) 
=&and A,=A=i. 
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All conditions of Theorem 1 are satisfied and hence Eq. (E, , [) is almost 
oscillatory. Next, it is easy to check that Theorem 3.2 in [7] is not 
applicable to (E,, 6) since condition (1.25; 1) in [7] is violated if we take 
I= 3. 
EXAMPLE 2. Consider the differential inequality 
hL,x(t)sgnx(t)>q(t)(lx[t-r]l)“’ 
x(~x[t+~sintt]~)‘*((~[t+~]~)~~, t > 0, (E,, 6) 
whereS= +l, &>O (i=1,2,3),r>O,q: [to, co)-+ [0, ocj)isacontinuous 
function and L, is defined as 
Lox(t) =x(t), L,x(t)=~L,xW)., k = 1, 2, . . . . II - 1 
and L,x(t) = (L,- ,x(t))‘. 
We let 
al(t)=a,(t)= t-q cT3( t) = t, q(t) = t’ - 2n, AI + 1, + 23 > 1. 
All conditions of Theorem 1 are satisfied and hence inequality (E2, 6) is 
almost oscillatory. 
It is easy to check that the known oscillatory criteria in [l-S] are not 
applicable to inequality (E2, 6). 
THEOREM 2. Let n be even, I+ > 1, and conditions (1) and ( 
conditions (3; I) (I = 2,4, . . . . n - 2) and (4) hold and 
lim sup 
I I,- I(l(t), a; aI, . . . . a, ~I 1 q(u) du 10, t-cc d(f) 
then every solution x of Eq. (E, - 1) is either oscillatory ov 
monotonically as t -+ co, i = 0, 1, . . . . n - 1. 
2) hold. [f 
(18) 
L,x(t) --+ 0 
THEOREM 3. Let n be odd, ,I> 1, and conditions (1) and (2) hold. lf 
conditions (3; 1) (I = 1, 3, . . . . n - 2) and ( 18) are satisfied, then Eq. (E, - 1) is 
oscillatory. 
Proof of Theorems 2 and 3. Let x(t) be a nonoscillatory solution of 
equation (E, - 1). As in the Proof of Theorem 1, we assume that x(t) > 0 
for t > t,. The proof in case x(t) is eventually negative can be carried out 
as described in Theorem 1 and is not done here. By Lemma 2, there exist 
a t, > t, and an integer EE (0, 1, . . . . n} with n + 1 even so that (6) holds for 
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t > t, . Furthermore, if IIS (0, 1, . . . . n - 11, the proof follows exactly as the 
proof for this case in Theorem 1, and hence is omitted. 
Thus, we only need to consider the case when I = n. As in the proof of 
Theorem 1, we get (16). From Lemma l(i) we have 
n-l 
x[t(t)l = 1 zj(t(f)9 l; ul, ...Y uj) Ljx(t) 
j=O 
+Jttcr)zn+,(T(t), 24; a,, . ..) a,_,)L,x(u) du 
Thus, 
or 
Taking the uper limit as t + co, we get a contradiction to condition (18). 
This completes the proof. 
Remarks. 1. The results of this section concerning the superlinear case 
are of high degree of generality, and can be applied to a larger class of 
equations of type (E, 6) that are not covered by the existing criteria in 
[l-8]. 
2. Theorem 1 extends and improves the analogous results in [6]; it 
also improves the corresponding ones in [l-5,7,8]. 
4. THE SUBLINEAR EQUATIONS 
Equation (E, 6) is called sublinear if A -C 1. 
The following theorem deals with the almost oscillation of sublinear 
equations of type (E, 6). 
THEOREM 4. Suppose that conditions ( 1) and (2) hold and let 1~ 1. 
Equation (E, 6) is almost oscillatory if: 
(i) for 6 = 1 and n even, 
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x fi YrCai(u)T u 
> 
*I dudt=m, 
,=I R,Cu, Tl 
(2% 0 
for all sufficiently large T with t > T (I= 1, 3, . . . . n - 3) hold; 
(ii) for 6 = 1 and n odd, conditions (4), (19), and (20; 1) 
(I = 2,4, . . . . n - 3) hold; 
(iii) for 6 = -1 and n even, conditions (4), (5), and (20; 1) 
(1= 2, 4, . . . . n - 2) hold; 
(iv) for 6 = -1 and n odd, conditions (5) and (20; 1) (I= 1, 3, .,., n - 2) 
hold. 
ProofI Let x(t) be a nonoscillatory solution of Eq. (E, 6), say x(t) > 0 
for t b to. As in the proof of Theorem 1, there exist a t, >, to and an integer 
IE (0, 1, . . . . n} such that (6) holds. 
Suppose that 1~ { 1, 2, . . . . n-2}. From Lemma l(ii) we have 
n-l 
L r(t)= /+ I’ c (-l)‘-‘- l IjP,P,(s, t; a,, . ..) a,+z) L,x(s) 
j=l+l 
for s 2 t 2 tl. Using (6) and letting s + so, we get 
-L,+,x(t)2 j= B/+1 [u, t] q(u) fi (xCgi(~)l)“cd~~ t>t,. (21) 
I r=l 
By inequality (12), we obtain 
-L,+ ,x(t)>, (L ,x(O)” jm Br, L cu, tldu) f 
for t>t2>tl. (22) 
Since 
LI- ,x(t) 3 &Cl, tll Lx(t) for t3tz, (23) 
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Integrating both sides of the above inequality from t2 to T*, we obtain 
s 
Ll-e~Z) 
s 
LF(f2) 
d w-“dw< W -“dw<co as T*+co, 
L/x( T* ) 0 
which contradicts (20; I). 
Let I= n - 1. This is the case when 6 = 1 and either n is odd or even. 
From inequality (12) and Eq. (E, 6), we have 
1, 
for tat,. (24) 
Using (23) we get 
-Lnx(t) ‘s(t) ii (Ye1CaAt), hl)“’ (L”-lxw’ for t>tt,. i=l 
Integrating both sides of the above inequality from t2 to t we obtain 
which contradicts (19). 
The cases when I = 0 and I = n are done exactly as the proof for these 
cases in Theorem 1 and hence are omitted. 
For illustration we consider the following examples: 
EXAMPLE 3. Consider the differential equation 
+ & - ‘qp[ 131 = 0, t >o, U&T 6) 
where 6 = +l. We let 
a,(t) = t(i= 1, 2, 3), q(t) = t-‘3’3, &71(t) = t3, o1(t) = t, 
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and 
All conditions of Theorem 4 are satisfied and hence Eq. (E3, 6) is almost 
oscillatory. 
Next, we see that Theorem 3.3 in [7] is not applicable to Eq. (E3, 6) 
since the condition (2.16; 1) in [7] fails when I= 1. Therefore, Theorem 4 
unifies Theorem 3.3 in [7] and the analogous results in [ 1 - 5, 8-j. 
EXAMPLE 4. Consider the differential inequality 
GL,x(t)~t-“((x[t-z]i)“l(l~[t+zsint]l)~~ 
x(lX[:t+w3, t > 0, E,, 6) 
where 6 = + 1, T > 0, and L, is defined as in inequality (E,, 6). Here 
a,(t) = t (i= 1,2 3 ..., n-l), a,(t)=t-z (i= 1,2), o,(t) = t 
q(t)= t-” and &+I,+&=$<l. 
All conditions of Theorem 4 are satisfied and hence inequality (E4, 6) is 
almost oscillatory. 
We note that the known oscillation theorems in [l-5,7, S] fail to apply 
to the inequality (E4, 6). 
THEOREM 5. Let n be odd, 0 < A < 1, and conditions (1) and (2) hold. If 
conditions (19) and (20; I) (1= 2, 4, . . . . n - 3) are satisfied and 
lim sup 
5 z,-,(~,~(t);a,~,,...,a,)q(u)du>O, (25) ,-cc WI) 
then Eq. (E, 1) is oscillatory. 
THEOREM 6. Let n be even, 0 < A < 1, and conditions (1) and (2) hold. !f 
conditions (20; I) (I=2,4, . . . . n-2), (5), and (25) are satisJed, then every 
solution x(t) of Eq. (E, - 1) is either oscillatory or Ljx(t) -+ cc monotoni- 
callyas t+cO, i=O,l,..., n-l. 
Proof of Theorems 5 and 6. Let x(t) be a nonoscillatory solution of 
Eq. (E, 6), say x(t) > 0 for t > to. As in the proof of Theorem 4, we choose 
a t, > t, so that (6) holds for t > t,. Furthermore, if 1 E { 1, 2, . . . . n} the 
proof follows exactly as the proof of this case in Theorem 4 and hence is 
omitted. Thus, we only need to consider the case I= 0. This is the case 
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when 6 = 1 and n is odd or 6 = -1 and n is even. From Lemma l(ii), we 
obtain 
x[z(t)] = 1 (-l)‘ZJt, r(t); uj, .*., a,) Ljix(l) 
j=O 
+(-l)“-‘5:,,,I-l(.,r(t,;a,-,,...,a,)L,x(u)du 
for t(t)<~<t. 
Using (2), (12), Eq. (E, 6), and the decreasing character of X, we obtain 
or 
I In-l(U, z(t);&l-,, . . . . u,)q(u)du~(xCz(t)l)‘-“. %I) 
Taking the upper limit as t + co, we obtain a contradiction to condition 
(25). This completes the proof. 
Remark. The results of this section are presented in a form which is 
essentially new. Theorem 4 improves the corresponding results in 
[ 1-5, 7, 81; also, it extends and unities the analogous criteria in [6]. 
5. THE MIXED EQUATIONS 
In this section, we are interested in extending and unifying the results 
presented in Sections 3 and 4 to more general equation of type (E, S) with 
f being of mixed type; i.e., f satisfies the following condition: 
There exist continuous functions qi: [to, 00) -+ [0, co) (i= 1,2) and non- 
negative constants ii and tii (i= 1,2, . . . . m) with x7=“=, Izi= 1> 1 and 
O<Cy=“=, ei=B< 1 such that 
f(t, Xl, ---, 4wx,2qAt) fi (IxiI”‘)+q2(t) ii (Ix;l”) 
i=l i= I 
for t > to and xxi> 0 (i= 1, 2, . . . . m). 
(26) 
THEOREM 7. Let conditions (1) and (26) hold. Equation (E, 6) is almost 
oscillatory if: 
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(i) for 6 = 1 and n even, the condition 
I 
00 
+ a,+ ,(t)(&(t, UT Sffi BIC4 tl e(u) I 
holds for every I E { 1, 3, . . . . n - 3 } and 
(27; n - 1) 
for all large T with t > T; 
hold (ii) for 6 = 1 an d n odd, conditions (4) and (27; I) (I = 2, 4, . . . . n - 1) 
3 
(iii) for 6 = - 1 and n even, conditions (4), (5), and (27: I) 
(I = 2, 4, . . . . n - 2) hold; 
(iv) for 6= -1 and n odd, conditions (27; I) (I= 1, 3, . . . . n-2) hold. 
Proof. Because of condition (26), we see that the nonnegative solutions 
of (E, 6) are also solutions of both inequalities 
~&At) +41(t) ii ~IxMtw) G 0 (28) 
I=1 
and 
6Lnx(t)+C72(t) fi (IxCgi(t)lle’)~O. 
i= 1 
(29) 
Similarly, the nonpositive solutions of Eq. (E, 6) are also solutions of 
both inequalities 
GLnx(t) + 41tt) fi (IxCgi(t)llA’) a0 
i=l 
(30) 
and 
~Lx(t)+q,(t) fI wMm9~Q 
,=l 
(31) 
76 S.R.GRACE 
Let x(t) be a nonoscillatory solution of Eq. (E, 6), say x(t) > 0 for t > lo. 
Then x(t) is also a positive solution for the inequalities (28) and (29). Since 
condition (27; I) implies 
or 
Now, we can complete the proof by the procedure of the proof of 
Theorem 1 for inequality (28) of Theorem 4 for inequality (29). 
The following theorem is concerned with the oscillatory behavior of 
(E, 6) with f being of mixed type and satisfies condition (26). The proofs 
are immediate consequences of the criteria given in Sections 3 and 4. 
THEOREM 8. Let conditions (1) and (26) hold. Equation (E, 6) is 
oscillatory if: 
(i) for 6 = 1 and n even, condition (27; I) (I= 1, 3, . . . . n - 1) holds; 
(ii) for 6 = 1 and odd, condition (27; I) (I= 2, 4, . . . . n - 1) holds and 
lim sup 
I I,- I(% z(t); a,- , 3 .**, a,) qz(u) du > 0; (32) I--r00 WI) 
(iii) for 6 = -1 and n even, conditions (27; I) (I= 2, 4, . . . . n - 2) and 
(32) hold and 
lim sup s d(,,r,-,(t(~), u; a,, . . . . &,-I) ql(u) du>O; (33) t-02 
(iv) for 6 = -1 and n odd, conditions (27; 1) (1= 1, 3, . . . . n-2) and 
(33 ) hold. 
The following example is illustrative: 
EXAMPLE 5. Consider the mixed differential equation 
( > f x”(t) 
. . 
=$ [lx[t+sin t]l”’ 
+lx[t+sint]lsl]sgnx[t+sint], t > 0, (E) 
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where 0~8, < 1 <A,. Here we let 
al(t) = 1, a,(t) = 4 a3(t) = 1, gl( t) = t + sin t, 
&=A and e,=e. 
Now. 
9= (yj ((2m+l)n,(2m+2)n) and d = fi (2mn, (2m + 1) n). 
??I=0 ??I=0 
Define 
{ 
t + sin t 
z(t)= t 
for te9 
for t$9, 
and 
r(t)= t 
i 
t + sin t for ted 
for t$&. 
The conditions (32) and (33) hold for Eq. (E,), since 
s Z3(s, z(f); a3, a2, al) q2(s) dswo 
and 
It is easy to check that condition (27; I) is satisfied. Thus all the hypotheses 
of Theorem 8(iii) are satisfied and hence Eq. (E,) is oscillatory. 
4119 I ho 1-d 
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Remarks. 1. The results of this section generalize and improve the 
criteria given in Sections 3 and 4. 
2. As shown in this section there exists a class of mixed equations for 
which the oscillation situation can be completely characterized. It is easy to 
check that such characterization results are new. 
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